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Abstract 

We stndy the rigid limit of 5d conformal snpergravity with minimal snpersymmetry on 
Riemannian manifolds. The necessary and snfficient condition for the existence of a solntion 
is the existence of a conformal Killing vector. Whenever a certain SU(2) curvatnre becomes 
abelian the backgronnds dehne a transversally holomorphic foliation. Snbsequently we tnrn 
to the question under which circumstances these backgrounds admit a kinetic Yang-Mills 
term in the action of a vector multiplet. Here we hnd that the conformal Killing vector 
has to be Killing. We supplement the discussion with various appendices. 
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A Conventions 


B Details of the computation 

1 Introduction 

Over the very recent past much effort has been devoted to the study of supersymmetric 
gauge theories on general spaces. Part of this interest has been triggered by the devel¬ 
opment of computational methods allowing to exactly compute certain (supersymmetric) 
observables, such as the supersymmetric partition function (starting with the seminal pa¬ 
per m), indices or Wilson loops. This program has been very successfully applied to the 
cases of 4d and 3d gauge theories, and it is only very recently that the 5d case has been 
considered {e.g. [21 [31 nisi El [7]). On the other hand, it has become clear that the dynam¬ 
ics of 5d gauge theories is in fact very interesting, as, contrary to the naive intuition, at 
least for the case of supersymmetric theories, they can be at hxed points exhibiting rather 
amusing behavior as pioneered in [8]. In particular, these theories often show enhanced 
global symmetries which can be both flavor-like or spacetime-like. The key observation 
is that vector multiplets in 5d come with an automatically conserved topological current 
j ~ icF A F under which instanton particles are electrically charged. These particles pro¬ 
vide extra states needed to enhance perturbative symmetries, both flavor or spacetime - 
such as what it is expected to happen in the maximally supersymmetric case, where the 
theory grows one extra dimension and becomes the (2, 0) 6d theory. In fact, very recently 
the underlying mechanism for these enhancements has been considered from various points 
of view [siiini nn HI]. 

Five-dimensional gauge theories have a dimensionful Yang-Mills coupling constant which 
is irrelevant in the IR. Hence they are non-renormalizable and thus a priori naively un¬ 
interesting. However, as raised above, at least for supersymmetric theories the situation 
is, on the contrary, very interesting as, by appropriately choosing gauge group and matter 
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content, the qym coulpling which plays the role of UV cut-off can be removed in such a 
way that one is left with an isolated fixed point theory [8]. From this perspective, it is 
natural to start with the fixed point theory and think of the standard gauge theory as a 
deformation whereby one adds a term. In fact, the g^M can be thought as the 

VEV for a scalar in a background vector multiplet. Hence, for any gauge theory arising 
from a UV hxed point0 we can imagine starting with the conformal theory including a 
background vector multiplet such that, upon giving a non-zero VEV to the background 
scalar, it flows to the desired 5d gauge theory. This approach singles out 5d conformally 
coupled multiplets as the interesting objects to construct. 

As described above, on general grounds considering the theory on arbitrary manifolds 
is very useful, as for example, new techniques allow for exact computation of supersym¬ 
metric observables. The first step in this program is of course the construction of the 
supersymmetric theory on the given (generically curved) space, which is per se quite non¬ 
trivial. However, the approach put forward by [TS] greatly simplifies the task. The key 
idea is to consider the combined system of the field theory of interest coupled to a suitable 
supergravity, which, by dehnition, preserves supersymmetry in curved space. Then, upon 
taking a suitable rigid limit freezing the gravity dynamics, we can think of the solutions to 
the gravity sector as providing the background for the dynamical field theory of interest. 
Note that, since the combined supergravity-|-field theory is considered off-shell, both sec¬ 
tors can be analyzed as independent blocks in the rigid limit, that is, one can first solve for 
the supergravity multiplet and then regard such solution as a frozen background for the 
field theory, where the supergravity background fields act as supersymmetric couplings. 
Of course, the supergravity theory to use must preserve the symmetries of the field theory 
which, at the end of the day, we are interested in. Hence, in the case of 5d theories, it 
is natural to consider conformal supergravity coupled to the conformal matter multiplets 
described above. 

Following this approach, in this paper we will consider 5d conformal supergravity m 
fTSl IT6] coupled to 5d conformal matter consisting of both vector and hyper multiplets. 
As remarked above, the Yang-Mills coupling constant is dimensionful. Hence, the action 
for the vector multiplets is not the standard quadratic one with a Maxwell kinetic term 
but rather a cubic action which can be thought as the supersymmetric completion of 
5d Chern-Simons. As anticipated, in the rigid limit we can separate the analysis of the 
gravity multiplet as providing the supersymmetric background for the field theory. One 
is thus prompted to study the most generic backgrounds where 5d gauge theories with 
Af = 1 supersymmetry can be constructed by analyzing generic solutions of the 5d M = 2 
conformal supergravity. Solutions to various 5d supergravities on (pseudo-) Riemannian 
manifolds have been studied in different approaches in [T^ [HI UHl [201 [2TI |22l |23]. For 
Af = 1 Poincare supergravity, the necessary and sufficient condition for the existence of a 
global solution is the existence of a non-vanishing Killing vector. If one considers conformal 

^Note that the theories outside of this class do require a (presumably stringy) UV completion. Hence the 
class of theories which we are considering is in fact the most generic class of 5d supersymmetric quantum 
field theories. 
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supergravity this condition becomes the existence of a conformal Killing vector (CKV)|1 
In this paper we analyze Euclidean solutions of 5d conformal supergravity in terms of 
component helds. Our analysis proceeds along the lines of [24]. Interestingly, by studying 
the conditions under which a VEV for the scalar in the background vector multiplets paying 
the role of Qy'm can be given in a supersymmetric way, we hnd that such vector must be 
in fact Killing. Hence in this case we simply recover the results obtained using Poincare 
supergravity. 

Our results rely on some reality conditions satished by the supersymmetry spinors. In 
the Lorentzian theory, the spinors generally satisfy a symplectic Majorana condition (El]). 
If one imposes the same condition in the Euclidean case, there are immediate implication 
for the spinor bilinears ((7]) that play an important role in the analysis. Namely, the scalar 
bilinear s is real and vanishes if and only if the spinor vanishes, while the vector bilinear v - 
the aforementioned CKV - is real. One should note however that the symplectic Majorana 
condition is not equivalent to these conditions for s and v. Instead, fEl|) is slightly stronger, 
while our results only depend on the milder assumptions on the bilinears. 

While the existence of the CKV is a necessary and sufficient condition many of the 
backgrounds exhibit a more interesting geometric structure - that of a transversally holo- 
morphic foliation (THE). These appeared already in the context of rigid supersymmetry in 
three dimensions [25] and one can think of it as an almost complex structure on the space 
transverse to the CKV that satishes a certain integrability condition. A simple example of 
a hve manifold endowed with a THE is given by Sasakian manifolds. Here, the existence of 
the THE was exploited in [26] in order to show that the perturbative partition function can 
be calculated by counting holomorphic functions on the associated Kahler cone. Similar 
considerations were used in [21] to solve the BPS equations on the Higgs branch. This 
gives rise to the question whether such simplihcations occur in localization calculations on 
more generic hve manifolds admitting rigid supersymmetry. This was addressed in [23] in 
the context of 5d A/" = 1 Poincare supergravity. Here it was shown that a necessary and 
sufficient condition for such manifolds to admit a supersymmetric background is the exis¬ 
tence of a Killing vector. If an su(2)-valued scalar in the Weyl multiplet is non-vanishing 
and covarinatly constant along the four-dimensional leaves of the foliation it follows fur¬ 
thermore that the solution dehnes a THE. Subsequently it was argued that the existence of 
a THE (or that of an integrable Cauchy-Riemann structure) is sufficient to lead to similar 
simplihcations in the context of localization as in [211126]. 

With this motivation in mind we will address the question under which circumstances 
generic backgrounds of the conformal supergravity in question admit THFs. Our results 
are to be seen in the context of the very recent paper [22]. We will hnd that the necessary 

^ This statement assumes the spinor - and thus the vector - to be non-vanishing. In the case of Poincare 
supergravity, this is always the case if the manifold is connected. After all, the relevant KSE is of the 
form = 0(e*). If the spinor vanishes at a point, it vanishes on the whole manifold. For conformal 
supergravity however, the KSE takes the form of a twistor equation, = 0(e*), which has 

non-trivial solutions even if the right hand side vanishes. The simplest example of this is given by the 
superconformal supersymmetry in M®. See section IbTI Here = 0, yet the global solution 

is non-trivial. In such cases a more careful analysis is necessary. 


3 



and sufficient condition for the solution to support a THF is the existence of a global 
section of an su( 2 )/M bundle that is covariantly constant with respect to a connection 
that arises from the intrinsic torsions parametrizing the spinor. 

The outline of the rest of the paper is as follows. In section |2] we offer a lightning review 
of the relevant aspects of superconformal 5d supergravity, with our conventions compiled 
in appendix and further details described in appendix |Bl In section |3] we turn to the 
analysis of the general solutions of the supergravity, showing that the necessary condition 
for supersymmetry is the presence of a conformal Killing vector. Moreover, we will see 
that given a Killing spinor and the related CKV the general solution depends only on an 
su(2)-valued A®-^ and a vector W that is orthogonal to the CKV. Both are determined 
by solving simple ODEs that become trivial if one goes to a frame where the CKV is 
Killing. In section H] we study under which conditions it is possible to turn on a VEV for 
scalars in background vector multiplets thus flowing to a standard gauge theory. Ending 
that the requirement is that the vector is not only conformal Killing but actually Killing. 
In section E] we derive the conditions for the existence of a THF. In section [H] we show how 
some particular examples fit into our general structure, describing in particular the cases 
of M X relevant for the index computation of |5] and the relevant for the partition 
function computation of [2113]. We finish with some conclusions in section [3 


Note added: While this work was in its final stages we received [22], which has a 
substantial overlap with our results. 

2 Five-dimensional conformal supergravity 

Let us begin by reviewing the five-dimensional, J\f = 2 conformal supergravity of [151 
The theory has S't/(2)/j /^-symmetry. The Weyl multiplet contains the vielbein e“, the 

SU(2)^ connection an antisymmetric tensor a scalar D, the gravitino "0^ and 

the dilatino y®. Our conventions are summarised in appendix [VI 
The supersymmetry variations of the gravitino and dilatino are 

ix' = - ^7 . RHVh, + 

+ I 7 . T,t. (2) 

Up to terms X*), 

+ l<7ai.€‘ + \Ke‘ - (3) 

= dv;i - . (4) 

word on notation is in order here. We stress that we are discussing minimal supersymmetry in five 
dimensions. 
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In what follows we will set the Dilation gange held 6 ^ to zero. 

As usnal, taking the 7 -trace of the gravitino equation allows to solve for the supercon- 
formal parameters as 7 * = + \T ■ qe*. Hence, we can rewrite the equations arising 

from the gravitino and dilatino as 

0 = (5) 

1 1 1 n? 

0 = + ^) + 

( 6 ) 

Here, R is the Ricci scalar and the rewriting of the dilatino equation uses the gravitino 
equation. One could also rewrite the latter using T/) as in [21], yet we found the above 
formulation to be more economical in this case. 


3 General solutions oi J\f = 2 conformal supergravity 

General solutions to hve-dimensional conformal supergravity have been constructed in m 
using superspace techniques. In this section we will provide an alternative derivation of 
the most general solutions to A/" = 2 conformal supergravity in euclidean signature using 
component held considerations along the lines of [21]. Before turning to the details, let 
us recall a counting argument from [21] regarding these solutions: In general the gravitino 
yields 40 scalar equations. Eliminating the superconformal spinor p* removes 8 . As we will 
see, the gravitino equation then also hxes the 10 components of the antisymmetric tensor 
and 8 of the components of the SU (2) connection. This leaves us with 14, which is exactly 
enough to remove the traceless, symmetric part of a two-tensor P which will appear in 
the intrinsic torsion. Since the trace is undetermined we will hnd a CKV; the vector is 
Killing if the trace vanishes. The remaining 7 components of the SU(2) connection and the 
scalar in the Weyl multiplet will then be determined by the eight equations arising from 
the dilatino variation. 

In order to study solutions of ([5]) and ([ 6 ]), we introduce the bispinors 

s = e^Cei, 

V = {e"C'y^ei)dx^, (7) 

® dx'^, 

In what follows, we will assume the scalar s to be non-zero and the one-form v to be real. 
These assumptions are implied if one imposes a symplectic Majorana condition such as 
fl 6 T|) . Furthermore, note that 

The one-form then decomposes the tangent bundle into a horizontal and a vertical part, 
with the former being dehned as TMh = {X G TM\v{X) = 0} and TMy as its orthogonal 
complement. Due to the existence of a metric we use v to refer both to the one-form and 
the correspoding vector and an analogous decomposition into horizontal and vertical forms 
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extends to the entire exterior algebra. In turn, the two-forms 0*-^ are fully horizontal and 
anti self-duafl with respect to the automorphism Lg-i^-k : —)■ A^: 

= 0, * 0*^' = -0*A (8) 

One hnds that the spinor is chiral with respect to the vector 

= eh (9) 

Note that the sign here is mainly a question of convention. Had we dehned v with an 
additional minus sign, we would hnd the spinor to be anti-chiral and 0*-^ to be self-dual. 
One can see this by considering the transformation v i—)■ —v. In addition, we dehne 
the operator H^ = — s~‘^v^Vy which projects onto the horizontal space. A number of 

additional useful identities involving 0®-^ are given in appendix lAl 

Next, we parametrize the covariant derivative of the supersymmetry spinor using in¬ 
trinsic torsions as in [T9] . 

V^6®^P^,7V-f (10) 

Here, is a two-tensor while is symmetric in its SU{2)pi indices. Rewriting the 
torsions in terms of the supersymmetry spinor one hnds 

sP^u = (11) 

3.1 The gravitino equation 

We now turn to the study of generic solutions of ([5]) and ([6]) using the intrinsic torsions. 
The reader interested in intermediate results and some technical details might want to 
consult appendix |B] To begin, substituting ffTOj) and contracting with as well as and 
symmetrizing in i,j one hnds that ([5]) is equivalent to 

0 = y + 7 

( 12 ) 

0 = \<Q - vfi +1(0 - - 4jr)“"e«-. (13) 

Clearly, the symmetric part in flT^ has to vanish independently; so we hnd 

^ (14) 

Explicitly, the self-duality condition is 

©if. = 
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This implies that v is a conformal Killing vector as can be seen using (fTTj) . 

By contracting the two remaining equations with one finds 

0 = Ssv-iP - 4jT)„ - se« (Q - !/)<;, (16) 

0 = 2sv>‘{Q - V)'> - se%(P - iiTr. (16) 

Projecting flT^ on the horizontal space, we hnd that n(P — 4*T) is anti self-dual. 

0 = (P - 4T) + . (17) 

Contracting (ITHl) with and using fl 66 ll gives us the horizontal, self-dual part. 

(P - 4zT)- = s-^Q^h,{Q - V),,. (18) 

By now we have equations for the self-dual, anti self-dual and vertical components of 
(P — 4?T)[^j,], which means that all components of this two-form are determined. Putting 
everything together, we find 

s"(P - 4 *T)|h = 1 [(t> a + 20^ (Q - 16)6. (19) 

The only equation we have not considered so far is the horizontal projection of flT^ . 
After using fl671) . flTHl) and flTHl) this simplifies to 

sii/iQ - V);, = -li(Q - vr,e,.]‘,. (20) 

In summary, the gravitino is solved by fll9p and fl2Up . 

Note that one can solve (I2UP by brute force after picking explicit Dirac matrices. One 
hnds that the equation leaves seven components of {Q — V) unconstrained. Three of these 
have to be parallel to v as they do not enter in fl20p . This suggests that it is possible 
to package the seven missing components into a triplet (three components) and a 
horizontal vector (four) and parametrize a generic solution of the gravitino equation 
as 

iQ-Vy^ = s-^v^A^^+ W^Q%) s.t. viW) = 0, = A^\ ( 21 ) 

Using one can verify that (l?Tp satisfies fl2(l . The above implies that 

T,. = I - P[h) • (22 ) 

3.2 The dilatino equation 

We dually turn to the dilatino equation ([ 6 ]). To begin, we note that between AP,1U^,P 
there are eight unconstrained functions remaining while the dilatino equation provides 
eight constraints. We can thus expect that there will be no further constraints on the 
geometry. In this respect, similarly to m, supersymmetry is preserved as long as the 
manifold supports a conformal Killing vector v. 
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In what follows we will need to deal with terms involving derivatives of the spinor 
bilinears ([7]). To do so we use the identities 

(23) 

(24) 

- 2eSQii. (25) 

'^[xPfj.u] = —s~^-P[^i/Va]S. (26) 

Contracting ([6]) with and symmetrizing over the SU{2)r indices i,j one hnds 

1 Qj 

+ (27) 

Substituting fl2T|) and fl2^ one hnds after a lengthy calculatior@ 

T.AV = - [i,Q + A]V (28) 

Contracting ([H]) with —ejy^ one obtains 

1 1 7 7 7 9 9 

+ (29) 

The vertical component of this hxes the scalar D. 

0 = 480sP + 15sP + 48 s(P^^) 2 - ISOsIT^ + - IGOsA'^A^j 

+ 100P[^^](sP['^^] - 2n^iy'^) - 2OOPt'^^]0jf>y + 48n'^V;,P^p - 120sV'^iy^. (30) 

The horizontal part of fl29p yields a differential equation for W 

= 4n,"(3s2p»‘yn - - 20sViP'). (si) 

Note that the left hand side is horizontal since L^PyW = i^i^dW = 0. 

Similar to the discussion in [21], we note that one can always solve fl25]) and locally. 

Moreover, after a Weyl transformation to a frame where v is not only conformal Killing 
yet actually Killing, that is, setting P^^ = 0, both equations simplify considerably. All the 
source terms in the latter vanish which is now solved by IK = 0 while the former becomes 
purely algebraic. 


o = [i„Q + pi'“’ie„„,A]y 


( 32 ) 


^We found the Mathematica package xAct [27l [28] very useful. 




and is solved by A = s~^f{LyQ + for a generic, possibly vanishing, fnnction / 

as long as £yf = 0. The factor is simply inclnded here to render A invariant nnder 
e* —)■ Ae* for A G C. 

An alternative way to see that fl28l) and fIMll can be solved globally is by direct con- 
strnction of the solntion following the approach of section 5 in [23]. Thns, the existence of 
a non-vanishing CKV is not only necessary, bnt also snfficient. See also footnote [2j 

4 Yang-Mills theories from conformal supergravity 

The solntions described above provide the most general backgronnds admitting a hve- 
dimensional, minimally snpersymmetric qnantnm held theory arising in the rigid limit of 
conformal snpergravity. In the maximally snpersymmetric case a more general class of 
solntions is possible, since the R-symmetry of maximal snpergravity is SO(5), one can 
dehne snpersymmetric held theories on generic hve manifolds by twisting with the whole 
SO(5). Snch held theories were considered in [25]. An embedding in snpergravity shonld 
be possible starting from [30] . 

Of course, in the case at hand our starting point is conformal snpergravity, so only 
conformal multiplets can be consistently coupled to the theory. While the hypermultiplet 
is conformally invariant per se, the vector multiplet with the standard Maxwell kinetic 
term breaks conformal invariance as the Yang-Mills coupling has negative mass dimensions. 
Therefore the action for the conformally coupled vector multiplet is a non-standard cubic 
action which can be thought as the supersymmetric completion of 5d Chern-Simons. Such 
action contains in particular a coupling of the form Cjjk , where F^ is the held 

strength of the J-th vector multiplet, its corresponding real scalar and Cjjk a suitable 
matrix encoding the couplings among all vector multiplets (we refer to [T51 [TB] for further 
explanations). Thus we can imagine constructing a standard gauge theory by starting 
with a conformal theory and giving suitable VEVs to scalars in background abelian vector 
multiplets. Of course, such VEVs must preserve supersymmetry. To that end, let us 
consider the SUSY variation of a background vector multiplet. As usual, only the gaugino 
variation is relevant, which, in the conventions of [TB], reads 

dni, = ~ faB £ + Y| i e^' + aB7-T£ + v ', (33) 

where we have set to zero the background gauge held. The j are a triplet of auxiliary 
scalars in the vector multiplet. Contracting with e* it is straightforward to see that, in 
order to have a supersymmetric VEV, we must have 

£vCrB + ^ = 0 , (34) 

while the other contractions hx the value of Y^j. The VEV of ctb is and as such 

one would like it to be a constant. Therefore, equation flBT|) gives us an obstruction for 
the existence of a Maxwell kinetic term; namely, that v is Killing and not only conformal 
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Killing. It then follows that all backgrounds admitting standard - i.e. quadratic - super- 
symmetric Yang-Mills theories, involve a v which is a genuine Killing vector. They are 
thus solutions of the M = \ Poincare supergravity - see e.g. [18], [H] EH El]. In particu¬ 
lar, the case of M x 5^ is of special interest as the partition function on this space in the 
absence of additional background helds gives the super conformal index [5]. The relevant 
supersymmetry spinors appearing in the calculation dehne a vector v which is conformal 
Killing; and therefore the background is only a solution of conformal supergravity. As 
we will explicitly see below, it is easy to check that such a solution, which can be easily 
obtained by a simple change of coordinates in the spinors in [12], nicely hts in our general 
discussion above. If, on the other hand, one studies supersymmetric backgrounds on 
without additional background helds, one hnds v to be Killing (see below as well). Thus 
such backgrounds can be regarded as a solution to conformal supergravity that are not 
obstructed by (IMj) and do thus admit a constant gb- In fact, it is easy to check this nicely 
reproduces the results of [ 2 ]. 

Eq. (I3T|) shows that backgrounds admitting only a conformal Killing vector cannot 
support a standard gauge theory with a constant Maxwell kinetic term. As anticipated 
above, and explicitly described below, this is precisely the case of M x relevant for 
the computation of the index. Of course it is possible to solve fl3T|) if one accepts that the 
Yang-Mills coupling is now position dependent. This way we can still think of the standard 
Yang-Mills action as a regulator to the index computation^ While this goes beyond the 
scope of this paper, one might imagine starting with the Yang-Mills theory on where (]3T|l 
can be satished for a constant gb- Upon conformally mapping into M x the otherwise 
constant gb = Qym becomes gb = Qym ^ being r the coordinate parametrizing M. In the 
limit ^ 0 we recover the conformal theory of [5]- One can imagine computing the 
supersymmetric partition function in this background. As the preserved spinors are just 
the same as in the gy^j 0 limit, the localization action, localization locus and one-loop 
fluctuations will be just the same as in the conformal case. While we leave the computation 
of the classical action for future work, it is clear that the limit gy^j —)■ 0 will reproduce the 
result in [5]. 

5 Existence of transversally holomorphic foliations 

We will now discuss under which circumstances solutions to equations ([I]) and ([ 2 ]) dehne 
transversally holomorphic foliations (THE). Since we assumed s ^ 0 and v real, it follows 
that the CKV v is non-vanishing and thus that v dehnes a foliation on M. Using fE7|l 
one can show then that 0 *-^ dehnes a triplet of almost complex structures on the four¬ 
dimensional horizontal space TMh- Thus, given a non-vanishing sectioiJilof the su(2)ij Lie 

®One might wonder that the cubic lagrangian theory is enough. However, in some cases such as e.g. 
Sp gauge theories, such cubic lagrangian is identically zero. 

^ Since $ is invariant under rrnj i—>■ frriij for any non-vanishing function / : M —>■ R it might be more 
appropriate to think of as a ray in the three-dimensional su(2) vector space. From this point of view, 
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algebra rriij we can define an endomorphism on TM 

= (det (35) 

This satisfies <h[m]^ = —11 and thus induces a decomposition of the complexified tangent 
bundle 

TcM = © T°’^ © Cv. (36) 

Any such decomposition is referred to as an almost Cauchy-Riemann (CR) structure. If 
an almost CR structure satisfies the integrability condition 

[Ti’° © Cv, T^’° © Cv] C © Cv, (37) 

one speaks of a THF@ Intuitively, rriij determines how <h is imbedded in 0*-^ and thus how 
is embedded in TMh- If one forgets about the vertical direction v for a moment, 
the question of integrability of <I> is similar to the question under which circumstances a 
quaternion Kahler structure on a four-manifold admits an integrable complex structure. 

To address the question of the existence of an rriij satisfying fimi we follow the con¬ 
struction of [23] and define the projection operator 

Wj = {detm)~^^‘^m^j — i5^j. (38) 

One can then show that 

X e © Cv = 0, (39) 

if the supersymmetry spinor e* satisfies a reality condition such as fl6T|) . Acting from the 
left with 'Dy for Y G © Cv and antisymmetrizing over X, Y, one derives the spinorial 
integrability condition 

[X, X] G © Cv = 0. (40) 

Note that Wj satisfies = —2iH and has eigenvalues 0 and —2i. Thus, projects 

the doublet e* to a single spinor that is a linear combination of the two. It is this spinor 
that will define the THF. 

To proceed, we first consider X, X G T^’°. After substituting (ITUD and making repeat¬ 
edly use of (15^ . one finds that the condition (HUD reduces to the vanishing of 

(41) 

Similarly, the case X G T^’°, X = v leads to the condition that 

X'^{d,Hy + [i,Q,HX^)-i^e^ (42) 

rriij is a map 

m : M ^ C su(2). 

®The similar integrability condition C defines a CR manifold. 
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must be identically zero. Contracting both expressions with and symmetrizing over 
SU(2) indices, we conclude that the integrability condition fl37|) can only be satished if and 
only if 

+ = (43) 

i.e. iff the projection is covariantly constant with respect to the connection dehned by 

Q. 

From the condition that H'‘j be covariantly constant we derive the necessary condition 
that it is also annihilated by the action of the corresponding curvature tensor: 

K.. m‘, = 0, (44) 

where Now, one can only solve fl44D if the SU(2) curvature lies in a 

U(l) inside SU(2)/^. Note that since the curvature R^ arises from the intrinsic torsions, 
we can relate it to the Riemann tensor and using fllUp . The resulting expression is not 
too illuminating however. 

To conclude we will relate the integrability condition fl43|) to the hndings of |23] . There 
it was found that solutions of the Af = 1 Poincare supergravity of [3T], |32l |33] dehne THFs 
if rriij = tij and VX G TMu^TAxtij = 0. In other words, the unique choice for is the 
held tij appearing in the Weyl multiplet of that theory and the latter has to be covariantly 
constant (with respect to the usual SU(2)ij connection IP-^) along the horizontal leaves of 
the foliation. To relate our results to this, consider the case where v is actually Killing. It 
follows that we can assume £vH^j = 0 and thus the vertical part of (IT3D takes the form of 
the hrst condition of [23], namely 


(45) 

Moreover, our general solutions (l28|) and (1^ are solved by IF = 0; while this solution is not 
unique, it makes the connection to [ 23 ] very eveident as it follows now that n(Q)*-^ = n(F)*-^ 
and so the horizontal part of (IT3D reproduces the second condition from [23] : 

VX G VxH) = + [F^, P]F) = 0. (46) 

6 Examples 

Let us now discuss some specihc examples illustrating the general results from the previous 
sections. 

6.1 Flat 

Flat space admits constant spinors generating the Poincare supersymmetries. In addition, 
we can consider the spinor generating super conformal supersymmetries e* = where 
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eQ is constant. Let us see how these ht into our general set-up. For the Poincare super¬ 
symmetries, it is clear that we just have Q = P = V = T = 0. For the superconformal 
spinors on the other hand, the gravitino and dilatino equations are solved by 

= -tel T,, = = D = 0. (47) 

The intrinsic torsions are 

Note that Q^pQij = — ||nj)Xo- and thus 

= -^(JlPpV, - UPvp)xp = ^ (49) 

We don’t only see that (IT^ is satished, yet also that the only contribution to the right hand 
side of that equation comes from while it is exactly the term that vanishes, 

Q^ii^VpQ^j, that contributes in the in the Sasaki-Einstein case to be discussed below. 

Note that the superconformal supersymmetries involve non-zero trace of P. Hence, 
these supersymmetries are broken by the background scalar VEV corresponding to gll^- 
This just reflects the general wisdom that the 5d YM coupling, being dimensionful, breaks 
conformal invariance. 

6.2 Rx 

Consider now M x 5^, with M parametrized by = r and v not along As described in 
[5] - where the explicit spinor solutions are written as well, the spinors satisfy 

= -^7^75^'', (50) 

Here * generate Poincare and superconformal supersymmetries respectively. It is straight¬ 
forward to see that these solutions ht in our general scheme with 

Q"ii = ^[H = (w^ A v)py, P^py) = w^v'^ Qpy, (51) 

where upper signs correspond to the while lower signs correspond to the e^. In addition 
we have dehned w = dr. Note that the trace of P does not vanish, implying that v is 
conformal Killing. Thus this is a genuine solution of superconformal supergravity that 
cannot be embedded in A/" = 1 Poincare supergravity. Moreover, as discussed above, this 
implies that no (constant) Yang-Mills coupling can be turned on on this background (see 
[34] for a further discussion in the maximally supersymmetric case). 
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6.3 Topological twist on M x M 4 

Manifolds of the form M x can be regarded as supersymmetric backgrounds at the 
expense of turning on a non-zero V such that the spinors are gauge-covariantly constant 

= 0. (52) 

To show that we consider v = dr, being r the coordinate parametrizing M. Then, from 
dll. it follows that = 0. Furthermore, by choosing V = Q - which translates into 
= 0 , A®-^ = 0 and implies = 0 - all the remaining constraints are automatically 
solved. This is nothing but the topological twist discussed in [12] (see also [35] for the 
maximally supersymmetric case; twisted theories on hve manifolds were also considered in 
H). Note that since P = 0, in these backgrounds the Yang-Mills coupling can indeed be 
turned on. 

6.4 SU(2)i^ twist on Ms 

If M 5 is not a direct product, one can still perform an SU{2)fi twist. For v Killing, the 
details of this can be found in [23]. One can perform an identical calculation for the 
conformal supergravity in question. In the case of a M or U(l) bundle over some M 4 for 
example, one hnds T to be the curvature of hbration. 

6.5 Sasaki-Einstein manifolds 

For a generic Sasaki-Einstein manifold the spinor satishes 

(53) 

It follows that 

(54) 

Clearly 

(55) 

Hence, upon taking = 0 = we indeed have a solution of flT^ and fl20l) . 

Note that the trace of P is vanishing, and hence in these backgrounds the Yang-Mills 
coupling can be turned on. This holds also for Sasakian manifolds. Super Yang-Mills 
theories on these were considered in e.g. [ 1 ]. 

6.6 

The S'® case is paticularly interesting as well, as it leads to the supersymmetric partition 
function EE]. Not surprisingly, since S'® can be conformally mapped into M®, the solution 
hts into our general discussion including two sets of spinors, one corresponding to the 
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Poincare supercharges and the other corresponding to the superconformal supercharges. 
Writing the metric as that of conformally as 


ds^ = 


(l + f2)2 


dx'^, 


(56) 


we hnd for the Poincare supersymmetries 

•• 1 ■■ 1 1 


For the superconformal supercharges on the other hand, we hnd 

1 

2sx‘^ 




2sx^' 


(57) 


(58) 


Note that in both these cases the trace of P is non-zero, so neither of these spinors are 
preserved if we deform the theory with a Yang-Mills coupling. Nevertheless it is possible to 
hnd a combination of supercharges which does allow for that. This can be easily understood 
by looking at the explicit form of the spinors, which in these coordinates is simply 


. /r 




e! = 


=ir7n 


(59) 


being e), and constant spinors. Considering for instance D we 

see that the term with involves a contraction which is basically e*. This suggests 
that one might consider a certain combination of and for which the ehective P-trace 
is a combination of P[H and P^^ which might vanish. Indeed one can check that this is 
the case. Choosing for instance the Majorana doublet constructed as 


it is easy to see that it satishes 






2^ i. 


i '-J; 


( 60 ) 


( 61 ) 


that is, the same equation as that for the Sasaki-Einstein case. Therefore, borrowing 
our discussion above, it is clear that it admitts a Yang-Mills kinetic term. Indeed, this is 
corresponds, up to conventions, to the choice made in [2l [3] to compute the supersymmetric 
partition function. 


7 Conclusions 

In this paper we have studied general solutions to W = 2 conformal supergravity. In 
the spirit of PI, these provide backgrounds admitting Eve-dimensional supersymmetric 
quantum field theories. The starting point of our analysis, being conformal supergravity. 
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requires that such quantum held theories must exhibit conformal invariance. In particular, 
the action for vector multiplets must be the cubic completion of 5d Chern-Simons term 
instead of the standard quadratic Maxwell one. However, since the Yang-Mills coupling 
can be thought as a VEV for the scalar in a background vector multiplet, we can regard 
gauge theories as conformal theories conformally coupled to background vector multiplets 
whose VEVs spontaneously break conformal invariance. From this perspective it is very 
natural to consider super conformal supergravity as the starting point to construct the 
desired supersymmetric backgrounds. 

We have described the most generic solution to W = 2 hve-dimensional conformal su¬ 
pergravity (see also 121 ]). By expanding spinor covariant derivatives in intrinsic torsions 
we have been able to hnd a set of algebraic equations ([ED, flEl) . (|2^ . flSUP together with a 
set of differential constraints (|28D . flEP characterizing the most general solution. Interest¬ 
ingly, the solutions admit transverse holomorphic foliations if the SU(2)/j connection 
“abelianizes” by lying along a U(l) inside SU(2)/j, in agreement with the discussion in [22] . 

On general grounds, the only obstruction to the existence of supersymmetric back¬ 
grounds is the requirement of a conformal Killing vector. On the other hand we have 
showed that only when the vector becomes actually Killing a constant VEV for background 
vector multiplet scalars can be turned on. This shows that all cases where a Yang-Mills 
theory with standard Maxwell kinetic term can be supersymmetrically constructed are in 
fact captured by Poincare supergravity. On the other hand, on backgrounds admitting only 
a conformal Killing vector we can still turn on a Yang-Mills coupling at the expense of 
being position-dependent. While this is certainly non-standard, in particular this allows to 
think of the quadratic part of the Yang-Mills action as the regulator in index computations. 

Having constructed all supersymmetric backgrounds of AA = 2 super conformal su¬ 
pergravity, the natural next step would be the computation of supersymmetric partition 
functions. In particular, it is natural to study on what data they would depend along the 
lines of e.g. [36]. For initial progress in this direction see |T9[ [23]. We postpone such study 
for future work. 
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A Conventions 


We use the standard NE-SW conventions for SU(2)i^ indices {i, j, k, 1} with = eu = 1. 
The charge conjugation matrix C is antisymmetric, hermitian and orthogonal, i.e. C* = 
C'^ = —C = C~^. Its action on gamma matrices is given by ( 7 “)* = ( 7 “)^ = 

In general we choose not to write the charge conjugation matrix explicitly; thus e^rj^ = 
Antisymmetrised products of gamma matrices are dehned with weight one, 

7ai...ap 

yet contractions between tensors and gamma matrices are not weighted. 

7 -T = 7'^%,. (63) 

In general, symmetrization and antisymmetrization are with weight one 

however. 

One can impose a symplectic Majorana condition 

= Ce\ (64) 


yet as we mentioned in the main body of this paper it is generally sufficient for us to 
assume s to be non-vanishing and v to be real. 

Using Fierz identities, one hnds the following identities involving the spinor bilinear 

0 *h 


619“'"' = + e'e-’*), 


e^Aet" = i7(n"n^ - n^) - -e. 




IJ 

' IJ 2 ''**K^*A ^ 


QV Qkipv ^ + U' 0 ^'^)/. 


(65) 

( 66 ) 

(67) 


B Details of the computation 

In this appendix we summarize the most relevant details of the computation that lead us 
to the two equations flT^ and fl20D and to the three differential equations fl28l) . (I30|) and 
m, that allow to determine A®-^, the scalar D and the vector W^- 


B.l Gravitino equation 


In this subsection we furnish further details for the derivation of the equations flT^ and 
(l2n|l . As explained in section [3] we rewrite the covariant derivative acting on the spinor e® 
as 


v,e‘ = v„£‘ - + (Q- 


( 68 ) 
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Inserting this expression for the covariant derivative in the gravitino equation (|5]) we obtain 

HQ'i - V'J)ej - - V''‘=)e, - - 3 tT,,j-c‘ 

= I - 59.^^”^) T-f- + (Q- Vy^ei - - Vr^i 

+7(f’(H - 4*Tp„)7''e‘ + - 4tr“")7'’"e‘. (69) 

4 o 

We manipulate the previous expression, as discussed in section [31 multiplying it from the 
left by ei'j^- In this way we obtain the equation flT^ . While we obtain the equation flT5]l 
multiplying the equation fl69|) by and symmetrizing in the indices i and j. 

In order to recover the equation flT^ we have to determine (P —4?T)+ and (P —4*T)“. 
Therefore we proiect the equation flT^ on the horizontal space using the proiector operator 
= s^v>^v^. We hnd 


0 


-n;!n; 

) l-L V 


(P - 4ir)i.A| + if.A.xp)/’ - 


5(P-4iT)+. 


(70) 


This means that 11 (P — 4iT) is anti-self dual. On the other hand contracting the equation 
(HID with ©pka and using the identity fl66D we get 

0 = 5^ {P - - 2s0,,-,a(Q - vy^vP. (71) 

Solving the previous expression we obtain (P — 4*T)“ = — V)ij. Therefore 

we know all the components of (P — 4iT), since we have an equation for (P — 4iT) + , an 
equation for (P —4iT)“ and hnally an equation for i^{P — AiT). Putting these information 
together we recover the equation (IT^ . 

In order to determine the equation fl20D we evaluate the projection of the equation (11311 . 
using the identities dTsp and flTbP we get 

0 = yK(Q - e"f(0 -1/)" (72) 

Using the identity fl67D the previous expression becomes 

0 = sn/(Q - vx\ + i|(Q - vr, e^„iv (73) 

Obtaining in this way the equation (1201) . 
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B.2 Dilatino equation 

In this subsection we furnish further details regarding the derivation of the equations fj2^ . 
(1301) and flOTl) . The most involved terms that appear in the equation ([6]) are 


-V"(Q - V)yp - ){Q - Vr\e^ + {Q- V);^Q^\e^ 

+ \P\Y{Q - V)^e, - 2 YPi,.]{Q - Vre, (74) 

+J.Xf.T^\Q-Vr^ej, (75) 

YTf.uV'e^ = -P[,u]T^'^e^ - P[H^^7'^"e* + ^P".T^.7^"e' + ^T.uiQ - Vr^e,. (76) 


The symmetric contraction Multiplying the equation ([6]) by and symmetrizing in 
i and j we obtain 


1 3? 11? 


(77) 


The individual components are 


= - 


^^{Q-vr= + {Q + v);:\{Q-v) 




(78) 

2^K\fJ, ^Vp ^ ' > fc) (79) 


+-p>^(Q - vr^ - n'^P[H(Q - yT\ 


Putting the various terms together we recover the expression 


(81) 


The vector contraction 

obtain 


0 = 


/32P + P 

V 128 


Multiplying the equation ([6]) with e* 7 ^ and contracting we 

+ + ^IpP^V^e^ + ^6*7?77KA.T""P"e, 


11 ? . 

+ + -e 


/ ? S 

I ^ ^ UK.\(T^, V7 n~^ I ^ hiXarrji rji 

Vay V-LkX + —y J-UU — T^n -LKXlrr 


- fll/ 


s 


(82) 
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The most involved terms are given by 




e%f‘T,xV^ei 



p\ - ov-PiH - lp\e%(Q - V% + 2e« PM(0 
\(P'‘.f + fw-P'""' - \(Q - r)«(Q - V)-] , 


+ \p^V - 2(P[„pin - PMTOpjV 
-(Q - V')„.pe« T"^ - - !/)„., 

-i>„P|.Air“" - (Pwn - + jP^PppA," 

-e%r\Q - vu- 


yu 

(83) 


(84) 

(85) 


Finally putting the various terms together and projecting on the vertical component we 
recover the equation fldOll . While projecting on the horizontal component we recover the 
equation flTTll . 
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